The general quasiparticle propagator in dense quark matter is derived for equal mass quarks. Specialized to an NJL model, this propagator includes one new condensate, ∆ 3 , in addition to the usual CFL condensate, ∆ 1 . The gap equation is solved in two NJL models and the dependence on the quark mass of the condensates and the gap is presented. Analytic approximations for the condensates are obtained and compared to exact numerical solutions. The results are shown to differ from those obtained by neglecting ∆ 3 , especially for smaller values of ∆ 1 . The two different NJL models presented are also shown to give different results when ∆ 3 is not neglected. The methods used in this paper can be generalized to the physical case where only the strange quark is significantly massive.
I Introduction
The physics of strongly interacting matter at high densities and low temperatures has been the subject of much research in recent years. It has long been known [1, 2] that at sufficiently high densities a system of quarks should form a condensate of Cooper pairs which breaks the SU C (3) symmetry and becomes a color superconductor. The formation of the condensates leads to gaps in the quasi-particle spectrum. The authors of [1, 2] estimated that the gaps were of the order of ∆ ∼ 10 −3 µ where µ is the quark chemical potential. More recently it was shown at realistic values of µ in an instanton induced NJL 1 model that gaps of the order of 10-100 MeV could be obtained [3] . This stimulated a great deal of research 2 in the ensuing years and has resulted in a proliferation of predicted superconducting ground states. These states may be realized in the cores of neutron stars and lead to observable effects [6, 7, 8, 9] .
It is widely accepted [10, 11] that for three colors and flavors the color superconducting ground state at asymptotic densities is the Color Flavor Locked (CFL) state [10] : 
Finally at still lower densities the favored ground state will be ordinary hadronic matter. Two new phases have recently been predicted: Crystalline Color Superconductivity [12] and CFL with meson condensation [13, 14] . These predictions, while not necessarily at odds with one another, indicate that the transition region between the CFL state and hadronic matter is not completely understood. A standard way of studying color superconductivity is to solve the gap equation in the Nambu Gorkov formalism which is reviewed in Appendix A. The inclusion of a strange quark mass in the gap equation introduces two sets of complications: 1) massive quarks means that there are 4 new allowed Dirac structures for the condensates, and coupling between the condensates; 2) the fact that the strange quark is different from the other quarks means that condensates involving the strange quark should be different from those with zero strangeness. 1 The designation NJL (Nambu-Jona-Lasinio) model is used in this paper to describe models where the quark interaction is taken to be a four-fermion interaction at a point. 2 For extensive references see the review articles [4, 5] .
In order to understand the implications of these two complications it is useful to separate them and understand them individually before tackling the full problem. In a previous paper by this author [15] the second problem of non-degenerate quarks was studied in the case where all quarks are massless but the strange quark is given a different chemical potential than the other two quarks. This paper concentrates on the first complication by considering the problem of equal mass quarks.
Color superconductivity with massive quarks has been studied before. The papers [16] - [22] have dealt with inclusion of quark mass or strange quark mass in NJL models. The papers [13, 14, 23] have dealt with inclusion of quark mass or strange quark mass in effective Lagrangian models. Finally [24, 25] have dealt with this problem in the perturbative approach. All of these important papers have dealt with the problem at some level of approximation. The new results in this paper are solutions for all allowed condensates applicable over a wide range of quark masses and coupling constants. The quasiparticle propagator derived herein is the general form for the case of equal mass quarks. It is shown that for the NJL model there is one and only one additional condensate, ∆ 3 , and it is included in the calculations. The approximate analytic solutions presented in this paper are also an advance making numerical solution of gap equations for different parameter values unnecessary. Finally two different NJL models are analyzed in exactly the same framework so that they can be compared and contrasted.
The results of this paper are an approximation to the N f = 3 CFL case as the ∆ 66 gaps are neglected to simplify the presentation. The results are exact for N f = 2 and for the 2SC phase with N f = 3. Therefore there is only one color-flavor structure and we drop the subscripts "33" and "2SC" as they are unnecessary.
The general quasiparticle propagator is presented for the case of equal mass quarks. This propagator is then specialized to the NJL model where it is shown to that there is only one new condensate, ∆ 3 , in addition to the CFL condensate, ∆ 1 .
The gap equation was solved in two different NJL models. The first model used is the simplest possible NJL model equivalent to scalar exchange. The second model used is an NJL model with the color structure of single gluon exchange. The second model is perhaps more physically motivated and is the model usually used in NJL analyses of color superconductivity. However, there is no reason to exclude scalar interaction terms and restrict the analysis to interactions motivated by single gluon exchange as a general low energy Lagrangian could include both. This being said it is interesting to see how much of an effect the specific NJL model has on the results.
The gap equation was solved in the scalar NJL model and results are presented for the general set of condensates as a function of the quark mass. Approximate analytic solutions for the condensates are obtained and shown to agree well with exact numerical solutions. The results are compared with results obtained neglecting the effect of the new condensate ∆ 3 . It is shown that the inclusion of ∆ 3 alters the results especially for lower values of ∆ 1 . The gap in the quasiparticle spectrum is shown to be a function of both ∆ 1 and ∆ 3 and inclusion of ∆ 3 is even more relevant.
The same analysis was performed in an NJL model with the color flavor structure of single gluon exchange. The results in this model are also altered by the inclusion of ∆ 3 especially for lower values of ∆ 1 but they have the opposite effect as in the scalar NJL model.
These results are relevant to the analysis of [21] where the gap equation is solved neglecting ∆ 3 . Their results are shown to be a reasonable approximation for the parameters they chose, but can be generalized using the techniques of this paper. The effects of chiral symmetry breaking have not been taken into account in this paper as in [21] but such an extension would not be difficult.
These results illustrate the effect of using the general form of the quasiparticle propagator in the solution of the gap equations for massive but degenerate quarks. The results are most significant for smaller values of the CFL condensate and they depend strongly on the specific NJL model used.
The methods used in this paper are a significant new result on their own. They can be generalized to determine the general quasiparticle propagator and the general set of gap equations for the physical case where the up and down quarks are essentially massless, but the strange quark is massive. As well, this analysis could be repeated using perturbation theory in order to compare with a model that is exact at higher densities and energies.
The outline of this paper is as follows. In section II a basis for the Dirac structure of the condensates is presented which facilitates the rest of the analysis. In section III the general quasiparticle propagator is derived and then specialized to the NJL model. In section IV the gap equations are solved in the scalar NJL model. In section V the gap equations are solved in an NJL model which has the color structure of single gluon exchange. Section VI concludes with a summary of the results. Appendix A contains a brief review of the Nambu-Gorkov formalism. Appendix B gives the decomposition from [2] of the gap matrix in terms of the products of Dirac matrices.
II Basis for the Condensates
The CFL condensate in (1) has the Dirac structure γ 5 and is the only spin zero condensate for the massless case in an NJL model. The most general set of spin zero condensates is given in Appendix B and includes eight different possible structures. In an NJL model the structures involving γ ·k automatically vanish leaving four possible Dirac structures: γ 5 , γ 5 γ 0 , γ 0 , I. Solving the gap equations give the result that there is only one new condensate, ∆ 3 with the Dirac structure:
The analysis could be carried out in a basis of Dirac structures, but the equations would be very complicated. A crucial step in finding the general quasiparticle propagator and gap equations is choosing a basis which simplifies the analysis enough to make it tractable.
In the massless case an arbitrary condensate matrix can be decomposed using a basis of orthogonal projection operators [26] :
which are products of positive and negative energy projectors:
and positive and negative helicity projectors:
In this basis the condensate matrix is:
Similarly all objects, such as the bare quark and the quasiparticle propagator can be written in this basis. The basis of orthogonal projection matrices is extremely useful since it reduces products of these objects to the simplest possible form.
In the case of massive quarks things are more complicated. The energy projector can be generalized to [26] :
where β ≡ | k|/E k and α ≡ m/E k . A set of analogous operators in the massive case given in [26] is:
where:
is the chirality projector which projects onto right and left handed spinors. The definition r = + and l = − in analogy with the other projectors will be used in what follows. These operators are really quasiprojectors with the general product rule:
They are not projectors because chirality and energy projectors do not commute:
This basis is complete and the general gap matrix can be written [26] :
This basis still involves many complications. The calculation is simplified by defining a new basis of true projectors and nilpotent operators:
that satisfy the following relations:
The P The multiplication table for each helicity is:
This set of eight operators is the set of operators on the space of solutions of the Dirac equation which gives the most sparse multiplication table. One would prefer a basis of only orthogonal projection operators as in the massless case, but such a set does not exist. Dirac spinors are 4 component complex vectors and as such live in R 8 . One can definitely find eight orthogonal projectors in this space, but Dirac spinors must be solutions of the Dirac equation which places constraints on the components and reduces the dimensionality of the space. Therefore, you cannot have 8 orthogonal projectors onto the space of solutions of the Dirac equation. On the other hand you need 8 operators to form a complete set with which to construct all 8 independent Dirac structures. In the massless case, the left and right handed spinors decoupled so that each was a two component complex spinor living in R 4 with two constraints from the Dirac equation. It is therefore possible to find a set of 4 orthogonal projectors on this space.
The operators given above have the following representation as 2 × 2 matrices:
This supports the reasoning above that there are only 4 independent projectors since the operators for each handedness operate on a separate two dimensional space. This representation will be useful in what follows. This set of operators is complete as shown by the following relations:
It should be noted that these equations are still valid in the chiral limit (albeit half of them are trivial). The gap matrix is decomposed in terms of these operators as:
All objects in this analysis can be represented using this basis. The sparse multiplication table simplifies much of the analysis in the rest of this paper. In the next section the general quasiparticle propagator is derived using this basis.
III General Quasiparticle Propagator
The quasiparticle propagator is determined by the equation [26] 
where
is the bare charge-conjugate particle propagator:
the coefficients are:
using the notation:
Using the 2 × 2 matrix representation of P e h and Q e h given above:
and the definition:
has been used. The poles of the quasiparticle propagator are given by the roots of this quartic equation in k 0 . The roots have well known analytic forms that are nonetheless quite complicated and are not necessary for the purposes of this paper. From (34) is it clear that:
and therefore the general quasiparticle propagator is:
and: This propagator could be diagonalized but the diagonalization depends on k 0 and E k and is quite complicated. It is not necessary to diagonalize the complete propagator for the purposes of this paper.
Assuming that only the γ 5 condensate contributes, this corresponds to the relations:
and it can be shown that:
which agrees with the quark propagator derived in [21] using this ansatz. While this ansatz is a good first approximation, it will be shown that the gap equation will not close under this ansatz and the general quark propagator is the more complex form shown in (41).
The analysis up until this point generalizes to perturbation theory. In what follows the analysis will be restricted to NJL models where things simplify considerably. With foresight define:
where ∆ 1 is the usual CFL condensate and ∆ 3 is a new condensate and the gap matrix is now given by:
In this case:
where the poles of the quasiparticle propagator are given by:
Note that ε ± are distinct from the ǫ ± defined in (36) and are used exclusively in what follows.
The poles of the propagator give the dispersion relations for quasiparticles, (-ε − ), quasi-antiparticles (-ε + ), quasiparticle holes (ε − ) and quasiantiparticles holes (ε + ). The physical manifestation of the condensates is a gap in the quasiparticle spectrum between the maximum of the quasiparticle branch and the minimum of the quasiparticle hole branch:
This means that exciting a quasiparticle requires a minimum energy, ϕ.
In the massless limit ∆ 3 = 0, α = 0, E k = | k| and therefore the ε ± reduce to ǫ ∓ defined in [26] . In this case the gap is simply ϕ = 2∆ 1 at k = µ.
In the massive case, ∆ 3 alters the dispersion relations. The minimum of the quasiparticle hole spectrum occurs at:
and leads to a gap:
For ∆ 3 = 0 the minimum occurs at E k = µ and leads to a gap of ϕ = 2∆ 1 . When ∆ 3 = 0 is taken into account the minimum is shifted to a slightly lower value and the gap increases or decreases depending on the sign of ∆ 3 . Further discussion of the dispersion relations and the gap will be given in subsequent sections in terms of specific solutions. In the NJL model the full propagator is;
The quasiparticle propagator can now be used in the mean field gap equation [26] (A6):
where D 
In the following sections results are presented for two different types of four fermion interactions. The next section presents results for the scalar NJL model. Section V presents results for an NJL model which has the color structure of single gluon exchange. These models give identical results if ∆ 3 is neglected but differ quite significantly if it is included.
One of the main results of this section is the general quasiparticle propagator (41) which could be used in a perturbation theory analysis of the gap equation. The second main result of this section is the quasiparticle propagator for an NJL model (58) which is used in the rest of this paper. The poles of the quasiparticle propagator (54) are particularly important for this analysis. Finally the definition of the gap in terms of the condensates (57) is another result which will be important in the rest of this paper.
IV Scalar NJL Model
The simplest possible four fermion interaction, motivated by the effective Lagrangian approach, is to take the interaction vertex to be Γ A µ = i and:
giving the matrix gap equation:
Acting on both sides of this equation with the operators γ 5 , γ 5 γ 0 and tracing over the spinor indices one can obtain the gap equations for ∆ 1 and ∆ 3 respectively. The color-flavor structure of the gap matrix can almost be ignored because the propagators do not have any color flavor structure and therefore the same factor will occur on both sides of the equation. However, if one is working in the degenerate three flavor case there is a slight complication to even the zero mass gap equation. This complication is ignored in this paper so this analysis is an approximation in the three flavor case.
In the two flavor case there is only one color-flavor structure to be concerned about and this analysis is exact. This applies even to the case of the 2SC color superconducting phase in the physical 3 flavor case as condensates involving the third color and flavor will simply decouple from the condensates of interest.
The coupled gap equations are:
, where terms linear in q 0 have been dropped since they will cancel out on integration over q 0 from −∞ to ∞. The dependence of the condensate on momentum has been dropped since the right hand side of the gap equations are independent of k.
Acting on (64) with the operators γ 0 and the identity and taking the trace leads to vanishing of the right hand side which is consistent with the assumption that ∆ 4 and ∆ 8 are zero. Acting with any of the other operators involving γ · k will lead to a term involvingq·k which will vanish by symmetry under the angular integration.
Evaluation of these equations can be facilitated by the analytic continuation q 0 → −iq 4 . The q 4 integration is then done by contour integration closing the contour in the upper half plane and picking up the poles at iε + and iε − . The angular integrals can be done trivially giving: The range of integration for q is not infinite since the NJL model is a four-fermion interaction model and must have an UV cutoff, Λ, which is left arbitrary except for the restriction that it be greater than µ.
An approximate solution of the gap equation for m = 0 is given by [5] :
Expanding the integrands of (67) and (68) in m one can obtain approximate solutions for the condensates:
In order to verify the accuracy of the approximate solutions the exact gap equations were also solved numerically using Mathematica c for comparison. These approximations are somewhat complicated due to their generality and range of applicability so some general comments are in order.
The 
(73) it can be shown that the first and last terms dominate and are of the same order of magnitude. This means that neglecting the effect of ∆ 3 by setting A = 0 will have a non-trivial effect on the solution for ∆ 1 (m). The order O(m 4 /µ 4 ) terms are less instructive and are only included in order that the approximation is accurate for a wider range of m, µ, Λ and G.
The accuracy of this approximation for a range of four fermion couplings, G, is illustrated in Figure (1) . Examining the limiting case G → 0 which corresponds to ∆ (0) 1 → 0, it can be seen that effect of the quark mass becomes increasingly important. Conversely, as ∆ (0) 1 increases the effect of the quark mass becomes less significant. Results obtained by varying Λ or µ have exactly the same behavior and also agree well with the exact numerical results.
The solutions for G = 3.5 GeV −2 /π 2 and G = 6 GeV −2 /π 2 which correspond to ∆ above in Figure ( 4) with and without ∆ 3 . The effect on the gap is larger than the effect on ∆ 1 alone because ∆ 3 affects ϕ directly in (57) as well as indirectly through ∆ 1 . The dispersion relation for the quasiparticle holes is not appreciably altered.
V NJL Model motivated by Single Gluon Exchange
The NJL interaction which has the structure of single gluon exchange has the interaction vertices:
and:
giving the gap equation:
using the equations:
Multiplying each side of equation (76) by γ 5 and γ 5 γ 0 , tracing over the Dirac indices and using the cyclicity of the trace and the relations:
and then applying all the other machinery of the last section, the coupled gap equations are obtained:
Notice that they are almost the same as the equations in the last section except for an overall factor of − 1 2
in the second equation. Therefore the only change to the approximate solutions of the last section is:
For clarity the solution to order O(m 2 /µ 2 ) is repeated here:
The accuracy of this approximation for a range of these parameters is illustrated in Figures (5) - (6) 1 . This effect can be seen in Figure (5 ).
In the weak coupling limit, G → 0, equations (83) and (84) are very similar to equations (37) and (34) of [23] .
The mass dependence of ∆ 1 as a function of Λ is different in this model than in the last section. In this case the last two terms of equation (83) decrease as Λ approaches µ and although the first term still dominates, the relative mass dependence decreases with decreasing Λ. The effect is that the mass dependence is less significant for smaller ∆ (0) 1 as can be seen in Figure  (6) .
The solutions for G = 3.5 GeV −2 /π 2 and G = 6 GeV −2 /π 2 which correspond to ∆ 1 (m = 0) = 10.14 MeV and ∆ 1 (m = 0) = 103.27 MeV are shown in Figures (7) and (8) The effect on the gap is larger than the effect on ∆ 1 alone. The zeroth order approximation, ∆ 1 (m = 0), is a better approximation to the gap than the solution where ∆ 3 is neglected. The dispersion relation for the quasiparticle holes is not appreciably altered.
Extending this analysis out to quark mass of m = 150 MeV is partly for illustrative purposes but is also valuable for two other reasons.
First the analysis of [21] shows that in a coupled analysis of the superconducting (diquark) condensate and the axial condensate, constituent quark masses of the order of 100 MeV for the light quarks are possible at µ ≈ 400 MeV. For constituent quark masses of this order the results of our analysis show that the presence of a new condensate, ∆ 3 which they neglected in their ansatz will be relevant. Their ansatz is a reasonable first approximation as the new condensate and its effects on ∆ 1 are not large. However, the effect on the gap ϕ itself is significant even for gaps of the order of 100 MeV. The full analysis requires the more general ansatz and the use of the general quasiparticle propagator. The effects of chiral symmetry breaking have not been taken into account in this paper as in [21] but such an extension would not be difficult.
Second the methods used in this analysis can be extended to the physical case where the strange quark mass is of the order of 150 MeV. It is instructive therefore to carry out this analysis as a precursor to the physical case.
The two NJL models analyzed in this paper lead to quite different results when the full calculation is performed. In Figure ( 1 the effect on the gap is almost a factor of 2 and is still significant even for ∆ (0) 1 of the order of 100 MeV. The second NJL model analyzed is perhaps more physically motivated than the second but there is no reason to restrict the analysis to interactions of this form. The most general NJL model would involve both types of interactions. This analysis shows that there could be a significant dependence on the specific NJL model used.
VI Conclusion
In this paper the general quasiparticle propagator for the case of equally massive quarks is derived. The quasiparticle propagator is then specialized to the propagator in an NJL model. It is shown that there is exactly one new condensate, ∆ 3 , in this model.
The quasiparticle propagator was used to solve the gap equations for the CFL condensate, ∆ 1 , and the new condensate, ∆ 3 in two NJL models as a function of the quark mass. Approximate analytic solutions were obtained in both cases valid over a range of values of the parameters m, Λ, µ and G in both models. The accuracy of these approximations was tested by numerically solving the exact gap equations. This represents a significant advance as the analytic approximations render numerical solution of the gap equations unnecessary for a significant range of parameter space.
Results for the condensates, ∆ 1 and ∆ 3 , and the gap, ϕ, in the scalar NJL model were presented as a function of the quark mass. The full solution for ∆ 1 and ϕ were compared to solutions obtained neglecting ∆ 3 . This was done for different values of the four fermion coupling constant. The results show that the complete solution differs from the approximate solution especially at large quark mass and smaller ∆ 1 .
Results for the condensates, ∆ 1 and ∆ 3 , and the gap, ϕ, in the NJL model with the structure of single gluon exchange were presented as a function of the quark mass. The full solution for ∆ 1 and ϕ were compared to solutions obtained neglecting ∆ 3 . This was again done for different values of the four fermion coupling constant. The results show that the complete solution differs from the approximate solution especially at large quark mass and smaller ∆ 1 .
The solutions obtained in this paper are relevant to the work of [21] where ∆ 3 was neglected as a first approximation. The approach of this paper could be used to generalize their analysis to the complete case.
Comparison of the results for the gap in the two different NJL models analyzed in this paper show that the gap is strongly dependent on the type of NJL model used.
Solving the color superconducting gap equations for the case of equal mass quarks is also valuable as a precursor to analyzing the physical case where the up and down quarks are essentially massless and the strange quark is massive. The methods used in this research combined with the methods of [15] can be combined to analyze the physical case which is the ultimate goal of this line of research. 
A Nambu-Gorkov Formalism
In the standard Nambu-Gorkov formalism one deals with the eight component spinors:
where C is the charge conjugation operator. The action for interacting fermions in the mean field approximation can be written concisely as:
where: The full Nambu-Gorkov propagator is:
are the full quasiparticle and charge-conjugate quasiparticle propagators. The gap equation is a consistency equation [26] : 
represents condensation of fermions with the same chirality in the even parity channel,
represents condensation of fermions with the same chirality in the odd parity channel. ∆ 3 γ 0 γ 5 + ∆ 7 γ ·kγ 5 ,
represents condensation of fermions with opposite chirality in the even parity channel, ∆ 6 γ ·k + ∆ 8 γ 0 ,
represents condensation of fermions with opposite chirality in the odd parity channel.
